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Data Depth Halfspace Depth
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Univariate Statistical Model
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Data Depth Halfspace Depth
Selected Properties and Problems

Median

Median : the middle-most observation
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Data Depth Halfspace Depth
Selected Properties and Problems

Quantiles for Univariate Data
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Quantiles for Univariate Data

Data Depth

Halfspace Depth
Selected Properties and Problems

gq(t)=supfx 2 R:

T T T T
0.0 0.2 0.4 0.6

Observations

0.8 10

Stanislav Nagy

Density

P(( ¥;x]) tg

25 30

20
I

10

0.0

T T T T T T
0.0 0.2 0.4 0.6 0.8 10

Observations

Geometry of Multivariate Quantiles



Data Depth Halfspace Depth
Selected Properties and Problems

Data Depth

For a random variable X P 2 P RY |, consider the depth of x 2 RY

w.r.t. P
D:RY P RY I [0:1]: (x;P) 7! D(X;P):
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Data Depth Halfspace Depth
Selected Properties and Problems

Data Depth

For a random variable X P 2 P RY |, consider the depth of x 2 RY
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: P10 1) (x;P) 7V D(x;P):
ki ) L
o .
$ ]
o .
o o o o .
LIS .OOO o Loh| .
08 % e g0
Bl . ., N §§ o s’ °
R 0o %o o <
< ogs, Ted .
3 .
0@ & “PHgec . o
o1 "8@0.-.....2,0 °%, . o ° e O e
S 8 otmban’y 0 C ° e ¢
TPy 8 eo o o
6800 o @3’ °w
o 8% 0. % 9 o
7 o %o ¢ N9 © °o
Tea LT 05 8% O .
s B . .iﬂ‘}"- % o
. e o cedy %o . .
o walt ooo °
. 200502, o
g
°
. . of #ke v . °
3 2 1 o 1’ 2" 0 2 2 6 8

Stanislav Nagy Geometry of Multivariate Quantiles



Data Depth Halfspace Depth
Selected Properties and Problems

Halfspace Depth

Halfspace depth (Tukey, 1975) of an observation in RY

D(x;P) = Hizm‘ X)P(H):
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Data Depth Halfspace Depth
Selected Properties and Problems

Halfspace Depth

# of observations in a halfspace that contains x
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Halfspace Depth
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Theory

Theoretical properties of D:
@ af ne invariance and consistency (Donoho and Gasko, 1992),

@ quasi-concavity and population properties (Massé and Theodorescu,
1994; Rousseeuw and Ruts, 1999),

@ asymptotics and the convergence of contours (He and Wang, 1997;
Kim, 2000; Brunel, 2018),

@ robustness (Romanazzi, 2001),
@ asymptotic normality  (Massé, 2004),

@ algorithms, tests, estimators, applications...
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Quasi-Concavity

D is always quasi-concave , i.e. for each c 2 [0;1]

x 2 RY: D(x;P) ¢ isaconvex set
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Depth: Level Sets

D is always quasi-concave , i.e. for each ¢ 2 [0; 1]

x 2 RY: D(x;P) ¢ isaconvex set
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Level Sets

D is always quasi-concave , i.e. for each ¢ 2 [0; 1]

x 2 RY: D(x;P) ¢ isaconvex set
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Depth: Level Sets

D is always quasi-concave , i.e. for each ¢ 2 [0; 1]

x 2 RY: D(x;P) ¢ isaconvex set
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Level Sets

It holds true that
\
x2RY:D(x;P) ¢ = H2H:PH) 1 c

2.0:

0.5

0.0

-1.0 -0.5 0.0 05 1.0

Stanislav Nagy Geometry of Multivariate Quantiles



Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Asymptotic Normality

b n(D(x;P,) D(x;P)) is asymptotically normal

0 D(x;P) is realised by a single halfspace H 2 H (vassé, 2004)
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Asymptotic Normality

b n(D(x;P,) D(x;P)) is asymptotically normal

0 the contour of D( ;P) is smooth in x
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Depth: Asymptotic Normality
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Data Depth Halfspace Depth
Selected Properties and Problems

Depth: Asymptotic Normality

P n(D(x;P,) D(x;P)) is asymptotically normal

0 the contour of D( ;P) is smooth in x
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Smoothness of Depth

Elliptically symmetric  distributions:
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Problem: Smoothness of Depth

Elliptically symmetric  distributions:
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Problem: Smoothness of Depth

Elliptically symmetric  distributions:
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Smoothness of Depth

Distribution without smooth contours  (Gijbels and Nagy, 2016):
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Problem: Smoothness of Depth

Distribution without smooth contours  (Gijbels and Nagy, 2016):
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Problem: Smoothness of Depth

Distribution without smooth contours  (Gijbels and Nagy, 2016):
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Smoothness of Depth

Problem (Massé and Theodorescu, 1994)

(P1): Does there exist a non-elliptical (non-a-symmetric) distribution
with smooth depth contours?
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Depth of a Median

For P in the vertices of a simplex in RY (Donoho and Gasko, 1992)

supD(x;P)=(d+ 1) H 0
x2Rd i ¥
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Problem: Depth of a Median

For P in the vertices of a simplex in RY (Donoho and Gasko, 1992)
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Depth of a Median

Problem (Donoho and Gasko, 1992)

(P2): The maximal depth is at least 1=(d + 1). Can we say more?
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Data Depth Halfspace Depth
Selected Properties and Problems

Problem: Characterization Conjecture

Problem (Struyf and Rousseeuw, 1999)

(P3): Is it possible that two different distributions P;Q 2 P RY have
the same depth at all x 2 RY?

Partial answers:
@ Certainly not for d = 1 (there depth  distribution function).

@ Not if P is atomic (Struyf and Rousseeuw, 1999; Koshevoy, 2002; Hassairi
and Regaieg, 2007; Cuesta-Albertos and Nieto-Reyes, 2008).

@ Long conjectured general negative answer (Koshevoy, 2003; Hassairi
and Regaieg, 2008; Kong and Zuo, 2010).
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Statistics of Convex Bodies

Convex body is a non-empty, compact and convex setK Rd
(Webster, 1994; Schneider, 2014).
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Statistics of Convex Bodies

Convex body is a non-empty, compact and convex setK Rd
(Webster, 1994; Schneider, 2014).
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Depth of Convex Bodies

Depth of a convex body K
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Calculus of Convex Bodies

K+L=Ffx+y:x2K;y2Lg; IK=flx:x2Kg

25
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Motivation: Brunn-Minkowski Inequality

K+L=Ffx+y:x2K;y2Lg;, IK=flx:x2Kg

Proposition (Brunn, 1887; Minkowski 1896)

LetK;L RY be convex bodies, vol(K) = vol(L) = 1. Then
vol((K + L)=2) 1, with equality iff K is a translate of L.

Stanislav Nagy Geometry of Multivariate Quantiles



Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Motivation: Griinbaum's Inequality

Proposition (Griinbaum, 1960)
LetK RY be a convex body, vol(K) = 1, and X uniform on K. Then
q

DEXK) 3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Motivation: Griinbaum's Inequality

Proposition (Griinbaum, 1960)

LetK RY be a convex body, vol(K) = 1, and X uniform on K. Then
q

d+1 :

D(EX;K)

d
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Motivation: Griinbaum's Inequality
Floating Bodies

(Convex) Floating Bodies and their Properties
The Busemann-Petty Problem
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties

The Busemann-Petty Problem

APPLICATIONS, Pl 1l N'I'AII'I!-I’I'IZ‘
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

De nition (Dupin, 1822)

A convex body K(qj is called the oating body of a convex body

K RY,ifd2 [0;vol(K)=2] and each supporting hyperplane of Kiq
cuts off a set of volume d from K.
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:1
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K for d= 0:1
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body of K ford= 0:3
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Floating Body

Floating body K may not exist!
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Af ne Surface Area of Convex Bodies

Z
(K)= k) D dp);
K
where
@ K is a convex body of class G,
@ JK is the topological boundary of K,
@ Kk is the GauR-Kronecker curvature of K, and

@ [is the surface area measure of K (d  1-dimensional
Hausdorff measure on K).
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Convex Bodies: Blaschke's Identity

Proposition (Blaschke, 1923)
If for d small the oating body of K exists, then for
ca = 2(kg 15(d + 1)

vol(K) vol Ky
dz2=(d+1)

K)=Ilim c
(K) im cq
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Convex Floating Body

De nition (Schitt and Werner, 1990)

Letk RY be a convex body and d 2 [0;vol(K) =2]. The convex
oating body of K associated with d is given by

\
Kq= H2H:vol(K\H) 1 d
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Floating Bodies (Convex) Floating Bodies and their Properties
The Busemann-Petty Problem

Convex Floating Body
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Motivation: Griinbaum's Inequality
Floating Bodies (Convex) Floating Bodies and their Properties
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Convex Floating Body

Proposition (Schitt and Werner, 1990)
Kg always exists. If K[q) exists, then Kq = Kg. Further,

vol(K)  vol(Kg)
g2=(d+1)

(0= lm,c
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Convex Floating Body

Convex oating body of K always exists!
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Barany-Larman's Mapping

De nition (Barany and Larman, 1988)

For a convex body K RY and x 2 K de ne

n(x)=min vol(K\ H): x2H;H2 H

Similar functions de ne already Neumann (1945), Rado (1946),
Grinbaum (1960), Leichtweil3(1986),

Rado (1946) de nes nin R? for “densities” f(x;y): R2! [0;¥).

Fresen (2012) writes about “multivariate quantiles”  given by n for
general measures.
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Grunbaum's Inequality

@ IfK is a convex body , D(EX;K) exp( 1) (Grinbaum, 1960);
@ If X f for f quasi-concave with centred level sets,

D(0;P) exp( 1);
@ Extensions to log-concave, Kk-concave and quasi-concave

measures and densities (Ball, 1986, 1988; Caplin and Nalebuff, 1991;
Bobkov 2003, 2010);

=) (P2): the depth of a median is driven by the degree of
concavity of the density
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Smoothness of Floating Bodies

Proposition (Meyer and Reisner, 1991)
Let K be a symmetric convex body. Then
@ Ky is symmetric and strictly convex,

@ if K is smooth and strictly convex, then Kqis G, .

=) (P1): uniform distributions on smooth, symmetric, strictly convex
sets have smooth depth .
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Smoothness of Floating Bodies

Proposition (Meyer and Reisner, 1991)
Let K be a symmetric convex body. Then
@ Ky is symmetric and strictly convex,

@ if K is smooth and strictly convex, then Kqis G, .

=) (P1): uniform distributions on smooth, symmetric, strictly convex
sets have smooth depth .

5
=) for O-symmetric strictly quasi-concave  densities is D
asymptotically normal for each x 6 0.
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Characterization Conjecture

Characterization Conjecture

(P3): Forany P 6 Qin P RY there exists x 2 RY such that
D(x;P) 6 D(x;Q).
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Characterization Conjecture

Characterization Conjecture

(P3): Forany P 6 Qin P RY there exists x 2 RY such that
D(x;P) 6 D(x;Q).

Not for d > 1!

@ uncountable families of distributions with the same depth;

@ constructed from K-symmetric measures (Cambanis et al., 1983;
Koldobsky, 2009).

Stanislav Nagy. Halfspace depth does not characterize probability distributions.
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Characterization Conjecture

yx(t)=Eexp(ih;Xi)=exp ktk] foro<b a 1andt2RY

No closed forms for densities of X.
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The Busemann-Petty Problem

Problem (Busemann and Petty, 1956)

LetK:L RY be 0-symmetric convex bodies such that
volg 1 K\ u? volg 1 L\ u? foreachu2 RY,u6 O:

Is it then true that

vol(K)  vol(L)?
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The Busemann-Petty Problem

Problem (Busemann and Petty, 1956)

LetK:L RY be 0-symmetric convex bodies such that
volg 1 K\ u? volg 1 L\ u? foreachu2 RY,u6 O:

Is it then true that

vol(K)  vol(L)?

Yes, but only for d < 5! (Gardner et al., 1999)
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The Busemann-Petty Problem

Problem (Milman and Pajor, 1989)

Letk;L RYbe 0-symmetric convex bodies such that
volg 1 K\ u? voly ;1 L\ u? foreachu2 RY,u6 0:

Does then exist ¢ > 1 such that

vol(K) cvol(L)?

For the best known bounds c(d)! oy ¥ . (Klartag, 2007)
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The Busemann-Petty Problem and Floating Bodies

Proposition (Fresen, 2012)
For each convex body K RY and d 2 (0;exp( 1))

exp( 1) d vol(Kg) ™ log(d 1)
ay P I Vol (K) azﬁaa—cl,

where aj;a, are positive universal constants and C, is the isotropic
constant .

C2R the Milman-Pajor conjecture holds.
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Application: Illlumination Bodies in Statistics

Problem: Classi cation

ForX Pi,Y Pyandx Pj,i2f1;2gunknown, nd i.
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Application: Illlumination Bodies in Statistics

Problem: Classi cation

For X Pq,Y

P,andx Pj,i2f 1;2gunknown, nd i.
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Application: Illlumination Bodies in Statistics

lllumination Body

De nition (Werner, 1994)

LetK RY be a convex body and d> 0. The illumination body of K
corresponding to d is given by

K9= x 2 RY:vol(co(x;K)) vol(K)+ d :
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Application: Illlumination Bodies in Statistics

lllumination Body

Kd= x2 RY:vol(co(x;K)) vol(K)+ d
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lllumination Body

Kd= x2 RY:vol(co(x;K)) vol(K)+ d
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lllumination Body

Kd= x2 RY:vol(co(x;K)) vol(K)+ d
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lllumination Body

Kd= x2 RY:vol(co(x;K)) vol(K)+ d
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Application: Illlumination Bodies in Statistics

lllumination Body

Kd= x2 RY:vol(co(x;K)) vol(K)+ d
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Application: Illlumination Bodies in Statistics

lllumination Body: Properties

Proposition (Werner 1994, 2006)

It holds true that:

e K¢ is an increasing system of concentric convex bodies.

d>0
@ For K an ellipsoid, each K9is an ellipsoid of the same shape
o KYisinvariant w.r.t. rotations.

@ There exists by > 0 such that

vol K4 vol(K)
d2=(d+1)

(0=l
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Application: Illlumination Bodies in Statistics

lllumination

LetP 2 P RY andx 2 co(Supp(P)). The illumination of x w.r.t. P
is
I (x;P)= vol(co(x; Supp(P))) :

For x;y 2 RY such that
D(x;P)= D(y;P)= 0

we say that x is deeper thany ifl (x;P) <1 (y;P).
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Application: Illlumination Bodies in Statistics

lllumination

I (x;P)= vol(co(x;Supp(P)))

4

2
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Application: Illlumination Bodies in Statistics

Example: Classi cation

For X Pq,Y

P,andx Pj,i2f 1;2gunknown, nd i.
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Application: Illlumination Bodies in Statistics

Example: Classi cation

ForX Pi,Y Pyandx Pj,i2f1;2gunknown, nd i.
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Application: Illlumination Bodies in Statistics

[llumination: Properties

llumination has an array of good properties:

@ duality w.r.t. the halfspace depth,

@ conceptual and computational simplicity ,

@ rotational invariance

@ consistency and robustness,

@ invariance for elliptically symmetric  distributions,
all this with no assumptions on P.

In applications it tends to outperform much more complicated
methods (Einmahl et al., 2015; Paindaveine and Van Bever, 2013).
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Application: Illlumination Bodies in Statistics

Conclusion

Halfspace depth = oating bodies. )

More information, and plenty of open problems at

GeMS .karlin.mff.cuni.cz

and

Stanislav Nagy, Carsten Schitt, and Elisabeth M. Werner. Data depth and oating body.
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