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Introduction

The structure shown below was introduced by Belnap in two
papers in the mid-1970’s (“A useful four-valued logic” and “How a
computer should think™).

<k

<t

In 1986, Ginsberg generalised Belnap's four-valued logic and
defined what are now known as bilattices.
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Bilattices

The vertical axis represents the knowledge order and the
horizontal axis represents the truth order. The lattice operations of
the knowledge order (® and @) represent consensus and gullibility.

T
<k

<t

In addition to two sets of lattice operations, a bilattice has a unary
negation operation — which preserves <; and reverses <;.
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Bilattices

The vertical axis represents the knowledge order and the
horizontal axis represents the truth order. The lattice operations of
the knowledge order (® and @) represent consensus and gullibility.

T
<k

<t

In addition to two sets of lattice operations, a bilattice has a unary
negation operation — which preserves <; and reverses <;.

Note: The knowledge order is often called the information order. In
the literature an algebra with two lattices structures but without a
negation operation is called a pre-bilattice.
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Examples of bilattices:

T

L

FOUR FIVE NINE

For a bilattice B we have
B = (B;®,®,A,V,).

We will often add bounds of one (or both) of the orders to the
signature. The knowledge bounds are L, T and the truth bounds
are f. t.
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Distributive bilattices

There can be different levels of interaction between the orders. A
bilattice B is distributive if for all a,b,c € B the identity

ae(bxc)~(aeb)*(aec)
holds for e, x € {®,®, A, V}.
The variety of distributive bilattices is generated by FOUTR:

T

L

9% = HSP(FOUR) = ISP(FOUR).
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Interlaced bilattices

A bilattice is interlaced if the knowledge operations preserve the
truth order and the truth operations preserve the knowledge order.

That is,
agtb — a®c <t b®C,
a<t:b = adc < b,
a < b = aNc < bAc,
a < b = aVec g bVe

Note: an interlaced bilattice B has < as a subalgebra of B2
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Product bilattices

Let L = (L;M, L) be a lattice. The operations of the product
bilattice
LoL=(LxL;®,®&A,V,—)

are defined for (a,b), (c,d) € L x L by

(a,b) @ (¢,d) = (aMe,bMd)

(a,b) ® (¢,d) = (aUec,bUd)

(a,b) A (c,d) = (aMe,bUA)

(a,b) V (c,d) = (aUc,bNd)
—(a,b) = (b,a).

Think of an element (a,b) € L x L as encoding evidence about
some sentence: a is the evidence for, and b is the evidence against.
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Product representation

The following theorem was proven by various researchers at
different levels of generality. See Davey (2013) for a full historical
account.

A bilattice B is interlaced if and only if it is isomorphic to the
bilattice product L ® L for some lattice L.
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Product representation

The following theorem was proven by various researchers at
different levels of generality. See Davey (2013) for a full historical
account.

A bilattice B is interlaced if and only if it is isomorphic to the
bilattice product L ® L for some lattice L.

This result can also be restricted to distributive bilattices.

A bilattice B is distributive if and only if it is isomorphic to the
bilattice product D @ D for some distributive lattice D.
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Ginsberg proposed the bilattice SEVEN for inference in default
logic. The additional truth values dt and df represent ‘“true by
default” and “false by default”.

SEVEN
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Ginsberg proposed the bilattice SEVEN for inference in default
logic. The additional truth values dt and df represent ‘“true by
default” and “false by default”.

t
dt

-
f t
.
df
df dt f
(i
<k SEVEN <t

Note: SEVEN is not interlaced, as AT <, t but
dTAL=df &, L=tA L
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Figure from Shet, Harwood, Davis (2006) “Multivalued default
logic for identity maintenance in visual surveillance”.

L 1

df dt

(a) (b)

(a)Bilattice for default logic (b) Bilattice for prioritized default logic.
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Consider a class of default bilattices which have a hierarchy of
default truth values:

To=T
=T P
fo to
fo to
fi t1
1
1
Ko K, K>

For n € w, we define K,, = (K,;; ®,®, A, V,—, L, T).

Note that K,, has no proper subalgebras.
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A hierarchy of default bilattices Cabrer, C., Priestley (2015)

Tn+1 = J_

K,, in its knowledge order (left) and truth order (right); here
0<i<y<n.
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Natural duality

Natural duality theory provides a uniform method for obtaining
dual structures for algebras in a finitely generated quasivariety.

The theory has been developed by Clark, Davey, Haviar, Pitkethly,
Priestley, Werner, Willard, and others. The main reference is the
book “Natural duality for the working algebraist” by Clark and
Davey (1998).

The theory has been successfully applied to many (quasi)varieties
related to logic such as: distributive lattices (with additional
operations), de Morgan algebras, Kleene algebras,
finitely-generated quasivarieties of Heyting algebras.
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Natural duality theory: broad outline

We are interested in a (finitely generated) quasivariety
A = ISP(M) where M is a finite algebra.

If we can find a “suitable” structure to put on the underlying set of
M, then for any A € A this structure can be transferred to the
hom-set A(A, M) to give us the dual space of A. This suitable
structure will include the discrete topology. We denote the
structured and topologised version of M as M.
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Natural duality theory: broad outline

We are interested in a (finitely generated) quasivariety
A = ISP(M) where M is a finite algebra.

If we can find a “suitable” structure to put on the underlying set of
M, then for any A € A this structure can be transferred to the
hom-set A(A, M) to give us the dual space of A. This suitable
structure will include the discrete topology. We denote the
structured and topologised version of M as M.

Once a suitable structure has been found, the algebra A € A will
be represented as the structure-preserving continuous maps from
A(A, M) to M.
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Theorem (Clark and Davey, 1998)

(NU Duality Theorem, special case) Let M be a finite
lattice-based algebra and A = ISP(M). Let

M = (M;S(M?),T)

~

where T is the discrete topology on M. Then M yields a duality
on A.
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Theorem (Clark and Davey, 1998)

(NU Duality Theorem, special case) Let M be a finite
lattice-based algebra and A = ISP(M). Let

M = (M;S(M?),T)

~

where T is the discrete topology on M. Then M yields a duality
on A.

Note that the lattice S(M?) is an algebraic lattice and hence is
meet-generated by its completely meet-irreducible elements (where
meet is N).

Andrew Craig Natural duality for default bilattices



Theorem (Clark and Davey, 1998)

(NU Duality Theorem, special case) Let M be a finite
lattice-based algebra and A = ISP(M). Let

M = (M;S(M?),T)

~

where T is the discrete topology on M. Then M yields a duality
on A.

Note that the lattice S(M?) is an algebraic lattice and hence is
meet-generated by its completely meet-irreducible elements (where
meet is N).

Two further results from Natural Duality theory:

(i) If two relations R; and Rs are in the dualising structure, then
R1 N Ry is not required.

(i) If R is in the dualising structure, then the converse relation is
not required.
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Examples

Boolean algebras:
B = ISP(M) where M = ({0,1}; A, V,—,0,1)
M = ({0,1}; 7) and X = IS.P* (M) = Stone spaces

Bounded distributive lattices:

D — ISP(M) where M = ({0, 1}; A, V,0,1)
M = ({0,1};<,T) and X = IS.P" (M) = Priestley spaces
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More examples

Kleene algebras:
K =ISP(K) where K = ({0,a,1}; A, V,—,0,1)
I,S — <{07 a, ]-}7 Rla R27 R3a T>

a a
/'\ PN O
[ ] [ ]
Ry R, R

Distributive bilattices:

DB = ISP(FOUR) where
FOUR = ({f,t,T,1};®,®,A,V,, £, t)

*FQVUR = <{fa t, T7 J—}; <ks T>
ISP (FOUR) = Priestley spaces
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Now consider the default bilattices K,, (n € w) described earlier.

Proposition

The lattice S(K?2) is isomorphic to the k-lattice reduct of K,,.
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Now consider the default bilattices K,, (n € w) described earlier.

Proposition

The lattice S(K?2) is isomorphic to the k-lattice reduct of K,,.

Theorem (Cabrer, C., Priestley, 2015 )

Consider A = ISP(K,,). Then Kp = (Kyn; Ro, ..., Ry, T) yields
a strong (and hence full) duality on A. Moreover, this duality is
optimal.

For a,b € K,,, we have a <j b if and only there exists R;
(0 <7 < n) such that (a,b) € R; and (b,a) ¢ R;.
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We say that < is a Priestley quasi-order if z £ y implies that

there exists a clopen set U that is a <-up-set for which z € U and
ye¢U.

Theorem (Cabrer, C., Priestley, 2015)

Let X = (X;<0,<1,---,=<n,T) be a structured topological space.
Then X € IS.P*(Ky) if and only if

(i) (X;=0,T) is a Priestley space;

(i) < is a Priestley quasi-order extending <o, fori € {1,...,n};
(iii) <0§<1C - C =<
(iv) iC<j, for0<i<j<n
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Current and future work
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Current and future work

We introduce a new family of default bilattices.

-
-
-
fo to
f t fo ‘0 f t
0 0 1 1
b “ f ¢
2 2
1
1
1
Jo Ji Jo

The bilattices Jg,J1 and Jo, drawn in their knowledge order.
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The bilattice J,, drawn in both its knowledge (left) and truth
(right) orders:

to

We let J,, = (Jp; ®,®, A, V, =, C) where C = J,, and —t; = f; and
ﬁfi =t,;.

Note: J,, is not interlaced for n > 1. We have f <; T but
LAfy=1£ ;{kfn:T/\J_
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We want to develop natural dualities for the quasivarieties ISP(J,,)
for n € w.
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We want to develop natural dualities for the quasivarieties ISP(J,,)
for n € w.

Since the J,, are lattice-based, to find a duality we can study the
lattice S(J2). We have

[SUE) =4 and [SWUT)| =7

but
IS(J3)| =28 and [S(J2)| = 200

Andrew Craig Natural duality for default bilattices



17
16/ \1“6
L
14/ ‘1”4
1213 513

SAINRA
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\@W

The algebraic lattice S(J3) with its completely meet-irreducible
elements shown in bold.
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For J,, and i < n, consider the binary relation

Sn,i = {(T, ™), (J_,_L)} U {fi+1, e ,fn}z U {ti+1, e ,tn}z
U{(fj,fk) ’i<j,0§k§i}U{(tj,tk) ’2<],0<k<2}
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For J,, and i < n, consider the binary relation

Sni = {(T,T), (L, D)} u{fiss,... ,fn}Z U{tit1,.-. ,tn}z
U{(fj,fk) ’i<j,0§k§i}U{(tj,tk)‘i<j,0<k<i}.

’fo7f1‘ ’to,h‘ ’fo,f1,f2‘ ’thtl,fQ‘
Gnn] [n] [06] [0
Ss0 S31 S32

) ) )

The binary relations 53,531 and S32 on J3 drawn as
quasi-orders. We draw x and y in the same block if xRy and yRzx.
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Proposition

Consider the bilattice J,,. Fori € {0,1,...,n—1} let S,,; C J>
be defined by

Sn,i = {(T,T), (J_,_L)} U {fH_l, ce ,fn}2 @] {ti+l7 ce ,tn}2
U{(fj,fk)|i<j,0§k<i}U{(tj,tk) |i<7,0<k<i}.

Then S, ; is the universe of a subalgebra ofJ%.

£y, ..., to,.. .. t;

fi+1,...,fn‘ b1t

The binary algebraic relation S, ; drawn as a quasi-order
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Proposition

Define the binary relation S, ,, on J,, by:
Snm = ({L} x ) U (Jo x {T}) U {to, ..., ta}> U {fo,....£,}°

Then S, ,, is the universe of a subalgebra of J%.

’fo,fl,fz,f3‘ ’t07t1,t2,t3‘

S33

)
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The structure J,, := (Jn; Sn,0,---,5nn, T) yields a duality on the
quasivariety ISP(J,,).

Andrew Craig Natural duality for default bilattices



