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© Binary relations

© Relation algebras

© Representable relation algebras

o Group representable relation algebras

e Generalisations of relation algebras

@ Pregroups and representation of DInFL-algebras

@ Involutive pregroups and representations of DgRAs
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Let X be asetand R, S C X2
e RUS={(a,b) ]| (a,b) € Ror (a,b) € S}
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Let X be asetand R, S C X2

e RUS={(a,b) ]| (a,b) € Ror (a,b) € S}
e RNS={(a,b) | (a,b) € Rand (a,b) € S}
e R"={(b,a) | (a,b) e R}

° k¢ ={(a,b)[(a;b) ¢ R}
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Let X be asetand R, S C X2

RUS ={(a,b) | (a,b) € Ror (a,b) € S}
RNS={(a,b)| (a,b) € Rand (a,b) €S}
R = {(b,a) | (a,b) € R}

R ={(a,0) | (a,b) ¢ R}

R;S ={(a,b)|3c((a,c) € R& (¢,b) € 5)}
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in the late 19th century.

De Morgan, Peirce and Schroder studied “the calculus of relations”
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De Morgan, Peirce and Schroder studied “the calculus of relations”
in the late 19th century.

Historical account: R.D. Maddux, The origin of relation algebras in
the development and axiomatization of the algebra of relations,
Studia Logica 50, 421-455 (1991)

=] F = = DA
Andrew Craig, Claudette Robinson



De Morgan, Peirce and Schroder studied “the calculus of relations”
in the late 19th century.

Historical account: R.D. Maddux, The origin of relation algebras in
the development and axiomatization of the algebra of relations,
Studia Logica 50, 421-455 (1991)

From Tarski (1941):

In his effort to break the bonds of traditional logic and
to expand the limits of logical inquiry, he directed his attention to the general
concept of relations and fully recognized its significance. Nevertheless, De
Morgan cannot be regarded as the creator of the modern theory of relations,
since he did not possess an adequate apparatus for treating the subject in which
he was interested, and was apparently unable to create such an apparatus. His
investigations on relations show a lack of clarity and rigor which perhaps ac-
counts for the neglect into which they fell in the following years.

The title of creator of the theory of relations was reserved for C. S. Peirce.
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A= (A NV, L, T, 1Y) is a relation algebra if
e (A, A,V 1, T)is a Boolean algebra
e (A,-,1)is a monoid
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A= (A NV, L, T, 1Y) is a relation algebra if
e (A, A,V 1, T)is a Boolean algebra
e (A,-,1)is a monoid
and
0 =1z
@ (zy)- =y a"”
Q z(yVz)=uzyVaz
Q (zVvy)=a"Vy"
@ “(zy) <y

The above formulation is due to Chin and Tarski (1951).
Denote by RA the variety of all relation algebras.
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RA 1,

RA 2

Algebra labels from Maddux (2006).
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Let X be a set. Define
2 2 .4
Tl(X): <p(X )’ﬂ,U’C’Q)’X 7;’IdX’ >
Then r1(X) is a relation algebra.
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Let X be a set. Define

ri(X) = (P(X?),N,0,°,0, X%, 5, idx,”)
Then r1(X) is a relation algebra.

ro(E) =

Let E be an equivalence relation on a set X. Define

<§)(E)7 ﬁ, U7C ) 07 E, ;7 Id.X’v >
Then ro(E) is a relation algebra.
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Let X be a set. Define

ri(X) = (P(X?),N,0,°,0, X%, 5, idx,”)
Then r1(X) is a relation algebra.

T‘Q(E) =

Let E be an equivalence relation on a set X. Define
<§)(E)7 ﬁ, U7C ) w? E’ ;7 IdX’v >
Then ro(E) is a relation algebra.

The following are equivalent for an algebra A:
o A cISP{ri(X)|X aset})

equivalent conditions above.

A relation algebra A is representable if it satisfies one of the
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Let X be a set. Define
r(X) = (P(X?),N,U°,0, X% 5 idx,”)

Then r1(X) is a relation algebra.

Let E be an equivalence relation on a set X. Define
T‘2(E) = <p(E)7 ﬁ? U7C ) ®7 E’ ;7 IdX’v >
Then ro(E) is a relation algebra.

The following are equivalent for an algebra A:
o A cISP{ri(X)|X aset})
o A cIS({r2(F) | E an equivalence relation })
A relation algebra A is representable if it satisfies one of the

equivalent conditions above. Denote the class of representable
relation algebras by RRA.
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From Bulletin of the AMS 1948:

89¢. Bjarni Jénsson and Alfred Tarski: Representation problems for
relation algebras.

A relation algebra (RA) A is a Boolean algebra with a binary associative operator |
and a unary operator = such that: | has the unit element e; a™"=a; (a|b)~
=b~|a~; a|a[b<b. (See Tarski, Journal of Symbolic Logic vol. 6, and Abstract
88.) Examples: 1. Proper relation algebras (PRA’s)—families A’ of subrelations of a
binary relation U closed under set addition R+ S, complementation U—R, relative
multiplication RlS, conversion R~; the set of all (, @) with e €U is in 4°. 11 (by
McKinsey). Frobenius algebras (FA’s)—families A’ of subsets of a group G closed
under set addition and complementation, complex multiplication and inversion; the
smallest subgroup of G is in 4”’. Results: 1. 4 is extendible to a complete atomistic
RA. 2. 4 is isomorphic with an algebra where R4S, RI S, R~ (but not complementa-
tion) have the meaning in I. 3. An atomistic 4 where a"’| ase (or a"]a=e) for every
atom a is isomorphic with a PRA (or FA). 4 (by McKinsey-Tarski). 4 is simple if and
only if a%0—1]a|1=1. 5. A PRA which is simple is isomorphic witha PRA 4’ where
Uis a Cartesian set-square; and conversely. Problems: Are all RA’s isomorphic with
PRA’s? Are all RA's with al b=0—(a=0\/b=0) isomorphic with FA's? (Received
October 21, 1947.)
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@ Lyndon (1950): there is a non-representable relation algebra
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From Bulletin of the AMS 1948:

89¢. Bjarni Jénsson and Alfred Tarski: Representation problems for
relation algebras.

A relation algebra (RA) A is a Boolean algebra with a binary associative operator |
and a unary operator = such that: | has the unit element e; a™"=a; (a|b)~
=b~|a~; a|a[b<b. (See Tarski, Journal of Symbolic Logic vol. 6, and Abstract
88.) Examples: 1. Proper relation algebras (PRA’s)—families A’ of subrelations of a
binary relation U closed under set addition R+ S, complementation U—R, relative
multiplication RlS, conversion R~; the set of all (, @) with e €U is in 4°. 11 (by
McKinsey). Frobenius algebras (FA’s)—families A’ of subsets of a group G closed
under set addition and complementation, complex multiplication and inversion; the
smallest subgroup of G is in 4”’. Results: 1. 4 is extendible to a complete atomistic
RA. 2. 4 is isomorphic with an algebra where R4S, RI S, R~ (but not complementa-
tion) have the meaning in I. 3. An atomistic 4 where a"’| ase (or a"]a=e) for every
atom a is isomorphic with a PRA (or FA). 4 (by McKinsey-Tarski). 4 is simple if and
only if a%0—1]a|1=1. 5. A PRA which is simple is isomorphic witha PRA 4’ where
Uis a Cartesian set-square; and conversely. Problems: Are all RA’s isomorphic with
PRA’s? Are all RA's with al b=0—(a=0\/b=0) isomorphic with FA's? (Received
October 21, 1947.)

@ Lyndon (1950): there is a non-representable relation algebra
@ Tarski (1955): RRA is a variety
e Monk (1964): RRA is non-finitely axiomatizable
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@ Representability is not decidable for finite relation algebras
Hirsch & Hodkinson (2001)
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@ Representability is not decidable for finite relation algebras
Hirsch & Hodkinson (2001)
complicated”

“This is utterly unsurprising, but our proof is rather
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@ Representability is not decidable for finite relation algebras
Hirsch & Hodkinson (2001)

“This is utterly unsurprising, but our proof is rather
complicated”
@ Non-representable relation algebras generated by functional

elements
Maddux (2004)

@ Non-representable relation algebras from groups
Andréka et al. (2020)

@ Non-representable relation algebras from vector spaces
Hodkinson (2020)

@ Improved bounds on the size of the smallest representation of
relation algebra 32¢5
Alm et al. (2022)
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Every group G = (G,-,~%, e) is isomorphic to a group of
permutations.
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Every group G = L) is isomorphic to a group of
permutations.

For x € G, consider the map 1}, : G — G defined for all g € G by
T:(9) =g .
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Every group G = L) is isomorphic to a group of
permutations.

For x € G, consider the map 1}, : G — G defined for all g € G by
T:(9) =g .
T, is a permutation of G.
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Every group G = L) is isomorphic to a group of
permutations.

For x € G, consider the map 1}, : G — G defined for all g € G by
Tx(g) =g

T, is a permutation of G.

The map x +— T, is an isomorphism.

Andrew Craig, Claudette Robinson



Let G = (G,-,”!,¢) be a group.
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Let G = (G,-,”',e) be a group. Consider £(G) and A, B C G-
e AeB={a-blacAbeB}
o A={allac A}
oy @ = = Dae



Let G = (G,-,”',e) be a group. Consider £(G) and A, B C G-

e AeB={a-blacAbe B}
o A={allac A}

Theorem (McKinsey 1940s)

If G is a group then R(G) = (®(G),N,U,c,0, G, e, {e},") is a
relation algebra.
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Let G = (G,-,”',e) be a group. Consider £(G) and A, B C G-

e AeB={a-blacAbe B}
o A={allac A}

Theorem (McKinsey 1940s)

If G is a group then R(G) = (®(G),N,U,c,0, G, e, {e},") is a
relation algebra.

Theorem (Jénsson & Tarski 1952)
If A € RA and A = R(G) for some group G, then A € RRA.
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Let G = (G,-,”',e) be a group. Consider £(G) and A, B C G-

e AeB={a-blacAbeB}
o A={allac A}

Theorem (McKinsey 1940s)

If G is a group then R(G) = (#(G),N,U,°,0,G, e, {e}") is a
relation algebra.

Theorem (Jénsson & Tarski 1952)
If A € RA and A = R(G) for some group G, then A € RRA.

The map o : £(G) — (G x G) defined by
oY)={(9,9-y) | g € G,y €Y } is an embedding of R(G) into
’r‘l(G). O

™ = — =
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Decidability of quasi relation algebras
Theorem (Galatos, J. 2013)

IfY ={A €InFL | A |= £} for € a self-dual set of identities and V is
equationally decidable then V' = {A € qRA | A |= £} is also decidable.

Using results of [Holland, McCleary 1979], [Yetter 1990], [Wille 2005],
[Kozak 2011], [Galatos, J. (Res. Frames) 2013]:

The equational theories of gRA, cyclic qRA, cyclic distributive qRA,
commutative gRA and the variety of qRAs that have {-group reducts
(=A €qRA | A= x - ~x =1) are decidable.

Theorem (Galatos, J. 2013)
gRA, cyclic gRA and commutative gRA have FMP.

Problem 2: Do (cyclic) distributive qRA have the FMP?
Problem 3: Define and investigate representable qRA.
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Decidability of quasi relation algebras
Theorem (Galatos, J. 2013)

IfY ={A €InFL | A |= £} for € a self-dual set of identities and V is
equationally decidable then V' = {A € qRA | A |= £} is also decidable.

Using results of [Holland, McCleary 1979], [Yetter 1990], [Wille 2005],
[Kozak 2011], [Galatos, J. (Res. Frames) 2013]:

The equational theories of gRA, cyclic qRA, cyclic distributive qRA,
commutative gRA and the variety of qRAs that have {-group reducts
(=A €qRA | A= x - ~x =1) are decidable.

Theorem (Galatos, J. 2013)
gRA, cyclic gRA and commutative gRA have FMP.

Problem 2: Do (cyclic) distributive qRA have the FMP?
Problem 3: Define and investigate representable qRA. —ijjmmmmm
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A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

a-b<c <= b<a\c

—

a < c/b.
(a/b)/b=1aVb.

MV-algebras = bounded commutative residuated lattices satisfying

o F = = DA
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a-b<e

—

A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

b<a\c

—

a < c/b.
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A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

a-b<c <= b<a\c < a<c/b

Definition (cf. Galatos et al. 2007)

Let A be a residuated lattice and 0 € A. Then
(A,A,V,-,1,0,\,/) is an FL-algebra.
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A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

a-b<c <= b<a\c < a<c/b

Definition (cf. Galatos et al. 2007)

Let A be a residuated lattice and 0 € A. Then
(A, A, V,+,1,0,\,/) is an FL-algebra. Define

~a = a\0 and —a=0/a.

If ~—a=a = —~aforall a € A, then (A, A,V,-,1,0,\,/) is an
InFL-algebra.
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A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

a-b<c <= b<a\c < a<c/b

Definition (cf. Galatos et al. 2007)

Let A be a residuated lattice and 0 € A. Then
(A, A, V,+,1,0,\,/) is an FL-algebra. Define

~a = a\0 and —a=0/a.

If ~—a=a = —~aforall a € A, then (A, A,V,-,1,0,\,/) is an
InFL-algebra. A distributive InFL-algebra (DInFL-algebra) has a
distributive lattice reduct.

NB: can axiomatize DInFL-algebras with (A, A,V, -, 1,~, —).
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A= (A NV, 1,\,/) is a residuated lattice (RL) if (A,A,V) is a
lattice and (A, -, 1) is a monoid such that:

a-b<c <= b<a\c < a<c/b

Definition (cf. Galatos et al. 2007)

Let A be a residuated lattice and 0 € A. Then
(A, A, V,+,1,0,\,/) is an FL-algebra. Define

~a = a\0 and —a=0/a.

If ~—a=a = —~aforall a € A, then (A, A,V,-,1,0,\,/) is an
InFL-algebra. A distributive InFL-algebra (DInFL-algebra) has a
distributive lattice reduct.

NB: can axiomatize DInFL-algebras with (A, A,V, -, 1,~, —).

Goal: find relational representations of DInFL-algebras & DgRAs.
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For A = Ve L, T,,1,7 ) an RA, let ~a = —a = (a) ™.

7/\7
= (A,A,V,-,1,~,—) is a DInFL-algebra.

(A
Then D(A)
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A partially ordered algebra P = (P, <,-,1) is a pomonoid if

e (P,<) is a poset
@ (a-b)-c=a-(b-c)
ea-l=a=1-a

eifa<bthena-c<b-candc-a<c-b
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A partially ordered algebra P = (P, <,-,1) is a pomonoid if
e (P,<) is a poset
@ (a-b)-c=a-(b-c)

ea-1=a=1-a

eifa<bthena-c<b-candc-a<c-b

For a pomonoid P and U,V € Up(P, <) define
UeV=1{a-blacUbeV}
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Definition

A partially ordered algebra P = (P, <, -, 1) is a pomonoid if
e (P,<) is a poset
@ (a-b)-c=a-(b-c)

ea-1=a=1-a

eifa<bthena-c<b-candc-a<c-b

For a pomonoid P and U,V € Up(P, <) define
UeV=1{a-blacUbeV}

Theorem (Galatos 2003)

Let P be a pomonoid. Then
UP) = (Up(P,<),N,U, 0, {1}, \, /)

is a distributive residuated lattice.

™7 v =
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Consider o : U(P) — (Up(P? x P),N,U,;,<,\,/) defined by
oU)=M(g,9-v)|ge PueclU}
o = - = fae



Consider o : U(P) — (Up(P? x P),N,U,;,<,\,/) defined by

o(U)=M(g,9-v)[ge PuecU}

Proposition

For a pomonoid P, the map o preserves arbitrary joins, the monoid
operation, and the monoid identity.
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Consider o : U(P) — (Up(P? x P),N,U,;,<,\,/) defined by

o(U)=M(g,9-v)[ge PuecU}

Proposition

For a pomonoid P, the map o preserves arbitrary joins, the monoid
operation, and the monoid identity.

Meets are not always preserved. Consider ({0,1}, <, -, 1) with
<=1{(0,0),(1,1)} and 0-0 = 0.
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Consider o : U(P) — (Up(P? x P),N,U,;,<,\,/) defined by

o(U)=M(g,9-v)[ge PuecU}

Proposition

For a pomonoid P, the map o preserves arbitrary joins, the monoid
operation, and the monoid identity.

Meets are not always preserved. Consider ({0,1}, <, -, 1) with
<={(0,0),(1,1)} and 0- 0 = 0.

Let (P,<,-,1) be a pomonoid. The map o preserves meets if and
only if whenever - u <y & x - v < y, there exists w s.t. u < w,
v<w &z -w<y (Condition W).
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Definition (Lambek 1999)

A partially ordered algebra (P, <,-,1,°,") is a pregroup if

e (P /<, 1) is a pomonoid

ozl z<1<z-2t and z-2"<1<2" 2
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Definition (Lambek 1999)

A partially ordered algebra (P, <,-,1,°,") is a pregroup if

e (P /<, 1) is a pomonoid

ozl z<1<z-2t and z-2"<1<2" 2

Any group G = (G, -,7! | €) is a pregroup with <= idg and
1

a” :aeza
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Definition (Lambek 1999)

A partially ordered algebra (P, <,-,1,°,") is a pregroup if

e (P /<, 1) is a pomonoid

ozl z<1<z-2t and z-2"<1<2" 2

Any group G = (G, -,7! | €) is a pregroup with <= idg and
1

a” :aeza

<

Fact: all finite pregroups come from finite groups (and hence have
a” = a’ and the discrete order).
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Definition (Lambek 1999)

A partially ordered algebra (P, <,-,1,°,") is a pregroup if

e (P /<, 1) is a pomonoid

ozl z<1<z-2t and z-2"<1<2" 2

Any group G = (G, -,7! | €) is a pregroup with <= idg and
a" =af =qg7!

V.

Fact: all finite pregroups come from finite groups (and hence have
a” = a’ and the discrete order).

Example (Lambek pregroup)

Consider the set of all unbounded, monotone functions f : Z — Z.

fa) =min{y € Z |z < f(y)}, fT(&) =max{y € Z| f(y) <z} |




Recall Condition W for a pomonoid: whenever z -« < y and
z-v <y there exists wst. u <w,v<wandx-w <L y.

Proposition

Let (P,<,-,1,°") be a pregroup. Then (P,<,, 1) satisfies
Condition W.
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Recall Condition W for a pomonoid: whenever z -« < y and
z-v <y there exists wst. u <w,v<wandx-w <L y.

Proposition

Let (P,<,-,1,°") be a pregroup. Then (P,<,, 1) satisfies
Condition W.
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Recall Condition W for a pomonoid: whenever z - u < y and
z-v <y there exists wst. u <w,v<wandx-w <L y.

Proposition

Let (P,<,-,1,°") be a pregroup. Then (P,<,, 1) satisfies
Condition W.

= (P, <,-,1,") is a pregroup, then

o:U(P,<,-, 1)) = (Up(P? x P),n,U,;,<,\, /)

is a residuated lattice embedding.

—r— =3
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For a pregroup P = (P, <,-, 1,0 "

~U={d"|ag¢U}

) and U € Up(P, <), define
and

—U={bt"|bg¢U}.

o F = = DA
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For a pregroup P = (P, <,-,1,Y ") and U € Up(P, <), define

~U={d"|a¢U} and —U={b|bg¢gU}.

Proposition

Let P = (P,<,-, 1,5 be a pregroup. Then
D(P) = <Up(P’ <)7m7 U?'?T{l}’N7 _>

is a DInFL-algebra.
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For a pregroup P = (P, <,-,1,Y ") and U € Up(P, <), define

~U={d"|a¢U} and —U={b|bg¢gU}.

Let P = (P,<,-, 1,5 be a pregroup. Then

D(P) = (Up(P, <), N, U, 8, M{1}, ~, —)

is a DInFL-algebra.

Let A be a DInFL-algebra. If there exists a pregroup P such that
A ~ D(P), then the embedding o provides a relational
representation of A.

v
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Definition (Jipsen & Galatos 2013)

A quasi relation algebra (qRA) is an InFL-algebra with a unary
operation — satisfying:
—(aVb)=-aA-b ——a =a

~@) =~(-a)  ~(a-b)=~(-b:—a)
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Definition (Jipsen & Galatos 2013)

A quasi relation algebra (qRA) is an InFL-algebra with a unary
operation — satisfying:
—(aVb)=-aA-b ——a =a
~(—a) = —=(—a) =(a-b) =r~(—b-——a)

We want relational representations for distributive quasi relation
algebras (DqRA:s).
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Definition (Jipsen & Galatos 2013)
A quasi relation algebra (qRA) is an InFL-algebra with a unary
operation — satisfying:

—(aVb)=-aA-b ——a =a

~o@) =(-a)  ~(a-b) = ~(—b-—-a)

We want relational representations for distributive quasi relation
algebras (DqRA:s).

Definition

P =(P,<,-,1,¢," ) is an involutive pregroup if / is
order-reversing and z” = z, (z*) = ('), (z-y) =2 -y
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Definition (Jipsen & Galatos 2013)
A quasi relation algebra (qRA) is an InFL-algebra with a unary
operation — satisfying:

=(aVb)=-aA-b ——a =a

~(~a) = ~(~a) ~(a-b) = ~(==b- ——a)

We want relational representations for distributive quasi relation
algebras (DqRAs)

=(P,<,-, 1,57 ) |s an involutive pregroup if / is

> 9 )

order—reversmg and " =z, (2%) = ()", (z-y) =2 -v.

If G = (G, ,!,e) is a group and id : G — G the identity
function, then (G,=,-,e,~! =1 id) is an involutive pregroup.

J
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Theorem

Let P = (P,<,-,1,," /) be an involutive pregroup. Define
-U={d|ag¢U} forU e Up(P,<). Then

<Up(P7 <)’ m? U’ .7T{1}’ N? ) _|>

is a DgRA.
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LetP = (P,<,-, 16" /) be an involutive pregroup. Define
-U = {a’ |a ¢ U} forU e Up(P,<). Then

<Up(P7 <)7 m? U’ .7T{1}7 N? ) _|>

is a DgRA.

Let A be a DgRA. If there exists an involutive pregroup P with
A ~ (Up(P,<),N,U, e, 1{1},~, —, ), then the map o provides a
relational representation of A.

Andrew Craig, Claudette Robinson



@ Describe possible ' operations on those pregroups which come
from groups. This would lead to a description of all possible
finite involutive pregroups.

@ Can we generalise from pregroups to other pomonoid-based
structures that also satisfy Condition W?

@ Condition W is also satisfied by lattice-ordered monoids.
What do we know about the residuated lattice
(Up(P,<),N,U, e, 1{1},\,/) when P is an {-monoid?

@ Adapt the methods of Andréka, Nemeti & Givant (2020) to
find non-representable DInFL-algebras & DqRAs.
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