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Some familiar operations on binary relations

Let X be a set and R,S ⊆ X2.

R ∪ S = { (a, b) | (a, b) ∈ R or (a, b) ∈ S }

R ∩ S = { (a, b) | (a, b) ∈ R and (a, b) ∈ S }
R⌣ = { (b, a) | (a, b) ∈ R }
Rc = { (a, b) | (a, b) /∈ R }
R ; S = { (a, b) | ∃c((a, c) ∈ R& (c, b) ∈ S) }

Andrew Craig, Claudette Robinson Algebras of binary relations



Some familiar operations on binary relations

Let X be a set and R,S ⊆ X2.

R ∪ S = { (a, b) | (a, b) ∈ R or (a, b) ∈ S }
R ∩ S = { (a, b) | (a, b) ∈ R and (a, b) ∈ S }

R⌣ = { (b, a) | (a, b) ∈ R }
Rc = { (a, b) | (a, b) /∈ R }
R ; S = { (a, b) | ∃c((a, c) ∈ R& (c, b) ∈ S) }

Andrew Craig, Claudette Robinson Algebras of binary relations



Some familiar operations on binary relations

Let X be a set and R,S ⊆ X2.

R ∪ S = { (a, b) | (a, b) ∈ R or (a, b) ∈ S }
R ∩ S = { (a, b) | (a, b) ∈ R and (a, b) ∈ S }
R⌣ = { (b, a) | (a, b) ∈ R }

Rc = { (a, b) | (a, b) /∈ R }
R ; S = { (a, b) | ∃c((a, c) ∈ R& (c, b) ∈ S) }

Andrew Craig, Claudette Robinson Algebras of binary relations



Some familiar operations on binary relations

Let X be a set and R,S ⊆ X2.

R ∪ S = { (a, b) | (a, b) ∈ R or (a, b) ∈ S }
R ∩ S = { (a, b) | (a, b) ∈ R and (a, b) ∈ S }
R⌣ = { (b, a) | (a, b) ∈ R }
Rc = { (a, b) | (a, b) /∈ R }

R ; S = { (a, b) | ∃c((a, c) ∈ R& (c, b) ∈ S) }

Andrew Craig, Claudette Robinson Algebras of binary relations



Some familiar operations on binary relations

Let X be a set and R,S ⊆ X2.

R ∪ S = { (a, b) | (a, b) ∈ R or (a, b) ∈ S }
R ∩ S = { (a, b) | (a, b) ∈ R and (a, b) ∈ S }
R⌣ = { (b, a) | (a, b) ∈ R }
Rc = { (a, b) | (a, b) /∈ R }
R ; S = { (a, b) | ∃c((a, c) ∈ R& (c, b) ∈ S) }

Andrew Craig, Claudette Robinson Algebras of binary relations



Defining relation algebras

De Morgan, Peirce and Schröder studied “the calculus of relations”
in the late 19th century.

Historical account: R.D. Maddux, The origin of relation algebras in
the development and axiomatization of the algebra of relations,
Studia Logica 50, 421–455 (1991)

From Tarski (1941):
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Relation algebras

A = ⟨A,∧,∨,′ ,⊥,⊤, ·, 1,⊔ ⟩ is a relation algebra if

⟨A,∧,∨,′ ,⊥,⊤⟩ is a Boolean algebra

⟨A, ·, 1⟩ is a monoid

and

1 x⊔⊔ = x

2 (xy)⊔ = y⊔x⊔

3 x(y ∨ z) = xy ∨ xz

4 (x ∨ y)⊔ = x⊔ ∨ y⊔

5 x⊔(xy)′ ⩽ y′

The above formulation is due to Chin and Tarski (1951).

Denote by RA the variety of all relation algebras.
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Examples of RAs

RA 12

a 1 = a2

⊥

⊤

RA 22

b 1

⊥ = b2

⊤

RA 23

1
r⊔ = r2

r

c

⊥

⊤ = c2

Algebra labels from Maddux (2006).
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The class RRA

Let X be a set. Define

r1(X) = ⟨℘(X2),∩,∪,c , ∅, X2, ;, idX ,⌣ ⟩

Then r1(X) is a relation algebra.

Let E be an equivalence relation on a set X. Define

r2(E) = ⟨℘(E),∩,∪,c , ∅, E, ;, idX ,⌣ ⟩

Then r2(E) is a relation algebra.

The following are equivalent for an algebra A:

A ∈ ISP({ r1(X) | X a set })
A ∈ IS({ r2(E) | E an equivalence relation })

A relation algebra A is representable if it satisfies one of the
equivalent conditions above. Denote the class of representable
relation algebras by RRA.
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Early studies of representability

From Bulletin of the AMS 1948:

Lyndon (1950): there is a non-representable relation algebra
Tarski (1955): RRA is a variety
Monk (1964): RRA is non-finitely axiomatizable
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More recent studies of representability

Representability is not decidable for finite relation algebras
Hirsch & Hodkinson (2001)

“This is utterly unsurprising, but our proof is rather
complicated”

Non-representable relation algebras generated by functional
elements
Maddux (2004)

Non-representable relation algebras from groups
Andréka et al. (2020)

Non-representable relation algebras from vector spaces
Hodkinson (2020)

Improved bounds on the size of the smallest representation of
relation algebra 3265
Alm et al. (2022)

Andrew Craig, Claudette Robinson Algebras of binary relations



More recent studies of representability

Representability is not decidable for finite relation algebras
Hirsch & Hodkinson (2001)

“This is utterly unsurprising, but our proof is rather
complicated”

Non-representable relation algebras generated by functional
elements
Maddux (2004)

Non-representable relation algebras from groups
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Cayley’s Theorem

Theorem

Every group G = ⟨G, ·,−1 , e⟩ is isomorphic to a group of
permutations.

Proof.

For x ∈ G, consider the map Tx : G → G defined for all g ∈ G by
Tx(g) = g · x.
Tx is a permutation of G.

The map x 7→ Tx is an isomorphism.
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Group representable RAs

Let G = ⟨G, ·,−1 , e⟩ be a group.

Consider ℘(G) and A,B ⊆ G:

A •B = { a · b | a ∈ A, b ∈ B }
A⊔ = { a−1 | a ∈ A }

Theorem (McKinsey 1940s)

If G is a group then R(G) = ⟨℘(G),∩,∪,c , ∅, G, •, {e},⊔ ⟩ is a
relation algebra.

Theorem (Jónsson & Tarski 1952)

If A ∈ RA and A ≈ R(G) for some group G, then A ∈ RRA.

Proof.

The map σ : ℘(G) → ℘(G×G) defined by
σ(Y ) = { (g, g · y) | g ∈ G, y ∈ Y } is an embedding of R(G) into
r1(G).

Andrew Craig, Claudette Robinson Algebras of binary relations



Group representable RAs

Let G = ⟨G, ·,−1 , e⟩ be a group. Consider ℘(G) and A,B ⊆ G:

A •B = { a · b | a ∈ A, b ∈ B }
A⊔ = { a−1 | a ∈ A }

Theorem (McKinsey 1940s)

If G is a group then R(G) = ⟨℘(G),∩,∪,c , ∅, G, •, {e},⊔ ⟩ is a
relation algebra.

Theorem (Jónsson & Tarski 1952)

If A ∈ RA and A ≈ R(G) for some group G, then A ∈ RRA.

Proof.

The map σ : ℘(G) → ℘(G×G) defined by
σ(Y ) = { (g, g · y) | g ∈ G, y ∈ Y } is an embedding of R(G) into
r1(G).

Andrew Craig, Claudette Robinson Algebras of binary relations



Group representable RAs

Let G = ⟨G, ·,−1 , e⟩ be a group. Consider ℘(G) and A,B ⊆ G:

A •B = { a · b | a ∈ A, b ∈ B }
A⊔ = { a−1 | a ∈ A }

Theorem (McKinsey 1940s)

If G is a group then R(G) = ⟨℘(G),∩,∪,c , ∅, G, •, {e},⊔ ⟩ is a
relation algebra.

Theorem (Jónsson & Tarski 1952)

If A ∈ RA and A ≈ R(G) for some group G, then A ∈ RRA.

Proof.

The map σ : ℘(G) → ℘(G×G) defined by
σ(Y ) = { (g, g · y) | g ∈ G, y ∈ Y } is an embedding of R(G) into
r1(G).

Andrew Craig, Claudette Robinson Algebras of binary relations



Group representable RAs

Let G = ⟨G, ·,−1 , e⟩ be a group. Consider ℘(G) and A,B ⊆ G:

A •B = { a · b | a ∈ A, b ∈ B }
A⊔ = { a−1 | a ∈ A }

Theorem (McKinsey 1940s)

If G is a group then R(G) = ⟨℘(G),∩,∪,c , ∅, G, •, {e},⊔ ⟩ is a
relation algebra.

Theorem (Jónsson & Tarski 1952)

If A ∈ RA and A ≈ R(G) for some group G, then A ∈ RRA.

Proof.

The map σ : ℘(G) → ℘(G×G) defined by
σ(Y ) = { (g, g · y) | g ∈ G, y ∈ Y } is an embedding of R(G) into
r1(G).

Andrew Craig, Claudette Robinson Algebras of binary relations



Group representable RAs

Let G = ⟨G, ·,−1 , e⟩ be a group. Consider ℘(G) and A,B ⊆ G:

A •B = { a · b | a ∈ A, b ∈ B }
A⊔ = { a−1 | a ∈ A }

Theorem (McKinsey 1940s)

If G is a group then R(G) = ⟨℘(G),∩,∪,c , ∅, G, •, {e},⊔ ⟩ is a
relation algebra.

Theorem (Jónsson & Tarski 1952)

If A ∈ RA and A ≈ R(G) for some group G, then A ∈ RRA.

Proof.

The map σ : ℘(G) → ℘(G×G) defined by
σ(Y ) = { (g, g · y) | g ∈ G, y ∈ Y } is an embedding of R(G) into
r1(G).

Andrew Craig, Claudette Robinson Algebras of binary relations



Example: group representable relation algebra

R(Z3)

{0} {2}{1}

{1, 2}

∅

{0, 1, 2}

{0, 1} {0, 2}

S = {(0, 1), (1, 2), (2, 0)}
T = {(0, 2), (1, 0), (2, 1)}

σ(R(Z3))

{(0, 0), (1, 1), (2, 2)}
TS

∅

{0, 1, 2}2
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Generalisations of relation algebras

A = ⟨A,∧,∨, ·, 1, \, /⟩ is a residuated lattice (RL) if ⟨A,∧,∨⟩ is a
lattice and ⟨A, ·, 1⟩ is a monoid such that:

a · b ⩽ c ⇐⇒ b ⩽ a\c ⇐⇒ a ⩽ c/b.

MV-algebras = bounded commutative residuated lattices satisfying
(a/b)/b = a ∨ b.
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Generalisations of relation algebras

A = ⟨A,∧,∨, ·, 1, \, /⟩ is a residuated lattice (RL) if ⟨A,∧,∨⟩ is a
lattice and ⟨A, ·, 1⟩ is a monoid such that:

a · b ⩽ c ⇐⇒ b ⩽ a\c ⇐⇒ a ⩽ c/b.

Definition (cf. Galatos et al. 2007)

Let A be a residuated lattice and 0 ∈ A. Then
⟨A,∧,∨, ·, 1, 0, \, /⟩ is an FL-algebra. Define

∼a = a\0 and −a = 0/a.

If ∼−a = a = −∼a for all a ∈ A, then ⟨A,∧,∨, ·, 1, 0, \, /⟩ is an
InFL-algebra. A distributive InFL-algebra (DInFL-algebra) has a
distributive lattice reduct.

NB: can axiomatize DInFL-algebras with ⟨A,∧,∨, ·, 1,∼,−⟩.

Goal: find relational representations of DInFL-algebras & DqRAs.
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Examples of DInFL-algebras

0 = a2

a

1

0 = 1

1

0

1

0
c d

e f

1

0

Example

For A = ⟨A,∧,∨,c ,⊥,⊤, ·, 1,⌣ ⟩ an RA, let ∼a = −a = (ac)⌣.
Then D(A) = ⟨A,∧,∨, ·, 1,∼,−⟩ is a DInFL-algebra.
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Distributive residuated lattices from pomonoids

Definition

A partially ordered algebra P = ⟨P,⩽, ·, 1⟩ is a pomonoid if

(P,⩽) is a poset

(a · b) · c = a · (b · c)
a · 1 = a = 1 · a
if a ⩽ b then a · c ⩽ b · c and c · a ⩽ c · b

For a pomonoid P and U, V ∈ Up(P,⩽) define

U • V = ↑{ a · b | a ∈ U, b ∈ V }̇.

Theorem (Galatos 2003)

Let P be a pomonoid. Then

U(P) = ⟨Up(P,⩽),∩,∪, •, ↑{1}, \, /⟩
is a distributive residuated lattice.
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Representing DRLs with binary relations

Consider σ : U(P) → ⟨Up(P ∂ × P ),∩,∪, ; ,⩽, \, /⟩ defined by

σ(U) = ↑{ (g, g · u) | g ∈ P, u ∈ U }

Proposition

For a pomonoid P, the map σ preserves arbitrary joins, the monoid
operation, and the monoid identity.

Meets are not always preserved. Consider ⟨{0, 1},⩽, ·, 1⟩ with
⩽= {(0, 0), (1, 1)} and 0 · 0 = 0.

Theorem

Let ⟨P,⩽, ·, 1⟩ be a pomonoid. The map σ preserves meets if and
only if whenever x · u ⩽ y & x · v ⩽ y, there exists w s.t. u ⩽ w,
v ⩽ w & x · w ⩽ y (Condition W).
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Pregroups

Definition (Lambek 1999)

A partially ordered algebra ⟨P,⩽, ·, 1,ℓ ,r ⟩ is a pregroup if

⟨P,⩽, ·, 1⟩ is a pomonoid

xℓ · x ⩽ 1 ⩽ x · xℓ and x · xr ⩽ 1 ⩽ xr · x

Example

Any group G = ⟨G, ·,−1 , e⟩ is a pregroup with ⩽= idG and
ar = aℓ = a−1.

Fact: all finite pregroups come from finite groups (and hence have
ar = aℓ and the discrete order).

Example (Lambek pregroup)

Consider the set of all unbounded, monotone functions f : Z → Z.

f ℓ(x) = min{y ∈ Z | x ⩽ f(y)}, f r(x) = max{y ∈ Z | f(y) ⩽ x}
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Some good news

Recall Condition W for a pomonoid: whenever x · u ⩽ y and
x · v ⩽ y there exists w s.t. u ⩽ w, v ⩽ w and x · w ⩽ y.

Proposition

Let ⟨P,⩽, ·, 1,ℓ ,r ⟩ be a pregroup. Then ⟨P,⩽, ·, 1⟩ satisfies
Condition W.

Proof.

w = xr · y

Corollary

If P = ⟨P,⩽, ·, 1,ℓ ,r ⟩ is a pregroup, then

σ : U(⟨P,⩽, ·, 1⟩) → ⟨Up(P ∂ × P ),∩,∪, ; ,⩽, \, /⟩

is a residuated lattice embedding.
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More good news

For a pregroup P = ⟨P,⩽, ·, 1,ℓ ,r ⟩ and U ∈ Up(P,⩽), define

∼U = { ar | a /∈ U } and − U = { bℓ | b /∈ U }.

Proposition

Let P = ⟨P,⩽, ·, 1,ℓ ,r ⟩ be a pregroup. Then

D(P) = ⟨Up(P,⩽),∩,∪, •, ↑{1},∼,−⟩

is a DInFL-algebra.

Theorem

Let A be a DInFL-algebra. If there exists a pregroup P such that
A ≈ D(P), then the embedding σ provides a relational
representation of A.
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Involutive pregroups and DqRAs

Definition (Jipsen & Galatos 2013)

A quasi relation algebra (qRA) is an InFL-algebra with a unary
operation ¬ satisfying:

¬(a ∨ b) = ¬a ∧ ¬b ¬¬a = a

∼(¬a) = ¬(−a) ¬(a · b) = ∼(−¬b · −¬a)

We want relational representations for distributive quasi relation
algebras (DqRAs).

Definition

P = ⟨P,⩽, ·, 1,ℓ ,r ,′ ⟩ is an involutive pregroup if ′ is
order-reversing and x′′ = x, (xℓ)′ = (x′)r, (x · y)′ = x′ · y′.

Example

If G = ⟨G, ·,−1 , e⟩ is a group and id : G → G the identity
function, then ⟨G,=, ·, e,−1 ,−1 , id⟩ is an involutive pregroup.
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Representing DqRAs with binary relations

Theorem

Let P = ⟨P,⩽, ·, 1,ℓ ,r ,′ ⟩ be an involutive pregroup. Define
¬U = { a′ | a /∈ U } for U ∈ Up(P,⩽). Then

⟨Up(P,⩽),∩,∪, •, ↑{1},∼,−,¬⟩

is a DqRA.

Theorem

Let A be a DqRA. If there exists an involutive pregroup P with
A ≈ ⟨Up(P,⩽),∩,∪, •, ↑{1},∼,−,¬⟩, then the map σ provides a
relational representation of A.
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Ongoing work

Describe possible ′ operations on those pregroups which come
from groups. This would lead to a description of all possible
finite involutive pregroups.

Can we generalise from pregroups to other pomonoid-based
structures that also satisfy Condition W?

Condition W is also satisfied by lattice-ordered monoids.
What do we know about the residuated lattice
⟨Up(P,⩽),∩,∪, •, ↑{1}, \, /⟩ when P is an ℓ-monoid?

Adapt the methods of Andréka, Nemeti & Givant (2020) to
find non-representable DInFL-algebras & DqRAs.
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